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1. INTRODUCTION

Let us consider a control problem

X(1) = f(x(2), v(1))

(1)
u(t) € V(x(1)),
where the set-valued map V(-) denotes a priori feedbacks, see [2-4].
Moreover, let a set K that defines the state constraints be given, i.e.,

x(t)e K. (2)

Let us assume that control problem (1) with state constraints (2) has a
solution. Let K denote a perturbation of the set K, f(-, -) and ¥(-) denote
perturbations of f(-,-) and V(-). The question is whether for such
perturbed control problem there exists a solution, i.e., a control such that
the corresponding trajectory will satisfy the perturbed constraints x(t) € K.
A non-stochastic approach to robustness in control problems with distur-
bances, perturbations, etc., has been advocated by G. Leitmann and his
follow workers [10-137 and A. Kurzhanski [7-9]. We use here a viability
approach to touch these issues. Let us recall that control problem (1) is in
fact a differential inclusion

x(t) e F(x(1)), (3)

where F(x) :=f(x, V(x)). We can study at least two invariance properties
of the set K with respect to (3). The first one, called invariance, consists in
the fact that all solutions for (3) starting from any initial point x,e K
should stay in K. The second one, called also viability [2, 3], requires
that for any initial point x,e K there exists at least one trajectory to (3)
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satisfying (2). Such a trajectory is called viable. There is no doubt that
from the control theory point of view this approach is more adequate
than invariance, since it means that there exists at least one control v(-) for
control problem (1) such that the corresponding trajectory stays in K.

Moreover, viability theory [2, 3] plays an important role in many “soft”
sciences like economics, biology, etc. Quite often we do not know exactly
either the viability set K or the right hand side of differential inclusion F{(-).
This leads us to study the perturbed viability problem

x(t) € F(x(1)) + <(x(1))
x(t) € K(u) (4)
X(O) :X0>

where the set-valued map K(-) denotes perturbations acting on the set K
of constraints and the set-valued map &(-) denotes the perturbation of F{(-).
The question is under which conditions the perturbed problem (4) has a
viable solution. There are several consequences of this problem both in
biology (and in the other soft sciences as well) that mainly motivated this
paper and in the theory of control systems with state constraints or systems
under uncertainty. For example, every biological system must satisfy certain
constraints that define the viability set. These constraints can be disturbed
unpredictably by external forces in the course of time. Therefore the system
must be able to survive at least within some small range of the perturba-
tions. The measure of the robustness for the system under study may be
given by the range of the perturbations that do not destroy the viability
property of the system.

Let us recall that the main viability theorem [2, 3] says that for upper
semicontinuous set-valued map F(-) with convex and compact values and
for closed K the necessary and sufficient condition (in finite dimension) for
existence of a viable solution to (3) is the condition

Vxe K, F(x)n Te(x) # I,

where 7T, (x) denotes the contingent cone.

2. NOTATION AND BASsIC DEFINITIONS

R” is the Euclidean n-dimensional space; d(x, y) is the Euclidean dis-
tance from x to y. B(x, M) denotes the open ball of radius M about x and
B := B(0, 1). S denotes the unit sphere. If 4, C are subsets of R”, 4 + C :=
{a+claed, ceC}, A—C:={a—c | aed, ceC}, dx, A) =
inf{d(x, y) | ye A}, 8(4, C) :=sup{d(x, C) | xe A} denotes the separation
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of 4 from C, and d*(A4, C) :=sup(d(4, C), §(C, A)) is the Hausdorff dis-
tance of the sets A and B. By g ,: S— R” we denote the support function
of the set 4, ie., o (e):=sup,.{a e> where {-,-) stands for scalar
product. Let xe A4 then T,(x):=,20 Naso Un<e (1/A-(A—x)+¢-B)
denotes the contingent (or Bouligand) cone, see [2-4]. If K,cR”", i=1,..,
then by liminf,_ . K, we denote the Kuratowski lower limit of the
sequence K;, ie, liminf,_ o K,'=N.s0 Unso Nhxnr B(K,, &), see
[5, 6,13, 14].

3. MAIN THEOREM

THEOREM 1. Let X be a Banach space and let K: X ~R" be a lower
semicontinuous set-valued map with nonempty convex compact values. Let
uy € X be given and F:R" ~ R" be a bounded set-valued map with nonempty
values which is lower semicontinuous on the boundary of K(u,). Let

F(x) nint(T g)(x)) # O, Vx e K(ug).
Then there exists ¢ >0 and n >0 such that for every ue X, ||u— u,)| < ¢ holds
K(u) n B(K(uy), n) # &, and
Vxe K(u) n B(K(uo), 1), F(x) N Tgp(X) # . (5)

Moreover, if the set-valued map K(-) is continuous then there exists €>0
such that for every ue X, |u—ug| <¢

Vx e K(u), Flx)n Ty (x)# . (6)

Remark. Let K(-) be continuous. From viability theory [2, 3] follows,
that in the case when F(-) is a bounded upper semicontinuous set-valued
map with nonempty convex and closed values, that is, continuous on the
boundary of K(u,), condition (6) ensures the existence of a viable solution
to the problem

x(t) € F(x(1))
x(t) € K(u) (7)
x(0)=x,€ K(u)

for every ue X, |lu—u,l <e.

Remark. Let K<R” and

Te(x)n F(x)# O, Vxe K.
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Let
& K~R”
such that
VxeK, é(X)ﬁ< N (TK(}’)—F(,V))>¢®- (3)
rek
Then

Ti(x)n (F(x)+E(x)) # T, ¥xeKk.

For F(-), &(-) upper semicontinuous with nonempty convex compact
values condition (8) ensures existence of a viable solution to the problem

x(t) € F(x(1)) + &(x(2))
x(1)e K (9)
x(0)=x,e kK.

To prove Theorem 1 we need the following two simple lemmas.

LemMMa 1. Let X be a Banach space and let K: X ~ R” be a lower semi-

continuous set-valued map with nonempty convex values and let u, — u,
u,eX. Let x,, > x, x,€ K(u,), xe K(u). Then

lim inf Txq, (%) D Tgy(X)-

Proof. Let xe K(u) and

K(u)—x

Sk(u)(x)3= U i

h>0

Since K(u) is a convex set and lim inf, , , T \(x,) being the Kuratowski
lower limit is closed it follows that it is enough to prove the inclusion

Sxuxycliminf T, (x,),

see [3]. Let ve Sk, (x); ie., there exists £> 0 such that
x+h-ve K(u).

Since K(u)climinf, , , K(u,) being lower semicontinuous it follows that
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there exists a sequence y,€ K(u,) such that y,—»x+h-v. Let v,:=
(v,—x,)/h. For 0<h,<h

X, +h,-v,€Ku,)
and consequently
v, € TK(u,,)(xn)'
Since v, — v it follows that

veliminf Ty, ,(x,).

n -+ o0

Remark. 1In the case when K(-) is continuous, then using the dual
version of the Attouch theorem [1], it can be proved

liminf Ty, (x,) = Tke(X)-
K(up)ax, = x
n—- oo

LEMMA 2. Let X be a Banach space and let K: X ~ R" be a lower semi-
continuous set-valued map with nonempty convex closed values and ue X,
¢>0. Then for Ve>0, VxeK(u), In(x)>0 such that for VieX,
iu— il <n(x), V¥ e K(i), |x — X <n(x) holds

T g(x)ne-B, Ty (X)nc-B)<e

Proof. Let us suppose that Lemma 2 does not hold, ie., J¢>0,
dxe K(u), such that for VYneN, 3Ju,eX, |u—u,|<1l/n, 3Ix,eK(u,),
X —x,ll <1/n, {(Tguy(x)nc- B, Ty, (x,)nc-B)>e, ie., for YneN there
exists

2, € Tgy(x)nc- B, 2, ¢ B(Tg,, (x,) " c- B, &)
From the sequence z,, n=1,..., we choose a convergent subsequence
2, = 2€ Tyy(x)
and

z¢liminf T, ,(x,),
n— o
i.€.,

Ty(x) & liminf T, (x,).

We got a contradiction with Lemma 1.
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Proof of Theorem 1. Since F(-) is bounded we may define

c:=1+ sup sup || fil < %.
ve bd(K(uy)) [ F(x)

Let xo,e bd(K(u,)). Due to the assumptions there exists
Jo € F(xo) mint(T g, X0))
and 1> ¢&,(x,) > 0 such that

B(fy, £1(x0)) < int( TK(uO)(xo))-

Since F is lower semicontinuous in x,, we get that for ¢,(x,)/4 there exists
7(x,) > 0 such that

Vx € B(xo, n(x,)), F(x)n B(fo, £1(x0)/4) # .

From Lemma2 it follows that there exists &,(xy)>0 such that if
llu — uoll <e,(xo) and || % — x|l <ea(x,), X € K(u), then

5(TK(u0)(x0) Nec-B, TK(u)(i) Nnc-B)<e(x)/4.

Since K(u,) is a compact set there exist points x, e bd(K(ug)), i=1, .., N,
such that

N

bd(K(uo)) = U B(x;, min(n(x,), £2(x;)))-

Let

Let

M := K(uo)u ) B(x,, min(n(x,), &,(x,))).

i=1
Since M is an open set there exists # >0 such that
B(K(ug), n) = M,
ie., Vxe B(bd(K(uo)), n) there exists i€ {1,.., N}, such that

x € B(x;, min(n(x,), £,(x,))).
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Since K(-) is lower semicontinuous it follows that there exists ¢; >0 such
that if |u — uy|| <é&5 then K(u) n B(K(uy), n) # & and consequently

o(K(u) N B(K(uo), 1), K(uo)) <.

Moreover, since the map K(u)~ B(K(u,), ) is lower semicontinuous for
llu—uy| <5, see [5], 1t follows that there exists £, >0, £, > ¢, such that

lu—ug < e4=>0(K(uo), K(u) N B(K(uo), n)) <n.
It follows that
lu—uoll < e4=>d*(K(up), K(u) N B(K(up), 7)) <n.

If we assume that K(-) is continuous then again there exists ¢,>0 such
that

llu— uoll <&4=d*(K(u), K(uo)) <n.

It follows that for every %ebd(K(u) N B(K(ug), 7)) (Xebd(K(u)) in the
continuous case, respectively) there exists x, e bd(K(u,)) such that

1% — x| < min(#(x;), £2(x,)).

Let |lu—uy| <e:=min(e,, ;). For every Xebd(K(u)n B(K(uy),n))
(¥ebd(K(x)) in the continuous case, respectively) there exists
x;€ bd(K(u,)) such that

F(X)n B(f,, £,(x,)/8) # &.
Let

T e F(%)n B(f;, e1(x,)/4).
We prove

B(J, &1(x;)/4) < T (%). (10)
Let ee S. It follows that

F+3/4-e(x,)-eeB(], 3/4-¢,(x,)) < T x:) N - B.
Since
HT gy x ) e B, T (X) N c- B) <e,(x,)/4,

then there exists me T, ,(¥) N c- B such that

17 +3/4-2,(x,) - e —mll <e,(x,)/4,
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Therefore

O-TK(u)(-{’)(e) > <m’ €> > O’B( 7.3:4 -1:|(x1})(e) - 8](,(1-)/4

:UB(Zl:'Zvr,l(,\’,))(e) (1] )

and (10) follows. Consequently

.75 Ty %)

It follows that

F(Z)n Ty (%) # .

For xeint(K(u)~ B(K(u,),n)) (Xeint(K(u)) in the continuous case,
respectively) obviously

FX)n Ty (X)# D.

An Application in the Theory of Control Systems with State Con-
straints. Now we go back to the beginning of the paper to show how
Theorem 1 can be used in the framework of the theory of control systems
with state constraints.

Let V:X~Z, f:Graph(V)— X, where X, Z are finite dimensional
spaces and KcDom(V):={xeX | V(x)# ). Let us regard a control
system (1) with state constraints (2). Then the regulation map is defined as

Ry(x):={veV(x)]| f(x,v)e Tg(x)}.

Let us assume that V{(-) is upper semicontinuous, f is continuous, F(x) :=
{f(x,v) | ve V(x)} has convex values, and f(-, -), V(-) have linear growth.
Then the existence of the viable solutions to control system is equivalent
with Rg(x)# &, Vxe K, see [2, 3].

If we assume that V(-) is continuous on the boundary of the set K and
VxeK, Ry(x)# & where Ry(x):={veV(x)|f(x,v)eint(Tx(x))} then
from Theorem 1 it follows that the control problem has a viable solution
even for a small perturbation of the viability set K.
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