Journal of Dynamics and Games doi:10.3934/jdg.2021030
©American Institute of Mathematical Sciences

USING CHEMICAL REACTION NETWORK THEORY TO SHOW
STABILITY OF DISTRIBUTIONAL DYNAMICS
IN GAME THEORY

Ross CRESSMAN

Department of Mathematics, Wilfrid Laurier University
Waterloo, Ontario, Canada

VLASTIMIL KRIVAN*

Department of Mathematics
Faculty of Sciences, University of South Bohemia, BraniSovskd 1760
370 05 Ceské Budsjovice, Czech Republic
and
Czech Academy of Sciences, Biology Centre, Branisovskd 31
370 05 Ceské Budéjovice, Czech Republic

ABSTRACT. This article shows how to apply results of chemical reaction net-
work theory (CRNT) to prove uniqueness and stability of a positive equilibrium
for pairs/groups distributional dynamics that arise in game theoretic mod-
els. Evolutionary game theory assumes that individuals accrue their fitness
through interactions with other individuals. When there are two or more dif-
ferent strategies in the population, this theory assumes that pairs (groups) are
formed instantaneously and randomly so that the corresponding pairs (groups)
distribution is described by the Hardy—Weinberg (binomial) distribution. If
interactions times are phenotype dependent the Hardy-Weinberg distribution
does not apply. Even if it becomes impossible to calculate the pairs/groups
distribution analytically we show that CRNT is a general tool that is very
useful to prove not only existence of the equilibrium, but also its stability. In
this article, we apply CRNT to pair formation model that arises in two player
games (e.g., Hawk-Dove, Prisoner’s Dilemma game), to group formation that
arises, e.g., in Public Goods Game, and to distribution of a single population
in patchy environments. We also show by generalizing the Battle of the Sexes
game that the methodology does not always apply.

1. Introduction. Classic two-player evolutionary game theory [13, 22] assumes
that individuals interact in pairs and, depending on the strategies they use, they
gain or lose payoffs. For example, in two-strategy games, there are three possible
types of pairs: two homogeneous and one heterogeneous pair types. To calculate
individual payoffs at given frequencies of the two strategies in the population, the
theory assumes that pairs are formed at random. This leads to the Hardy-Weinberg
proportions of the three pair types. The situation changes when pairing is not ran-
dom. One reason this can happen is when interaction times are strategy dependent
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[19, 20, 6, 1, 18]. For these models, pair formation dynamics as described by differ-
ential equations are needed for the calculation of individual fitness (i.e., payoff). It
is then important to know that the pair formation dynamics converge to a unique
equilibrium. This can be shown analytically only for the most simple models [e.g.,
19]. For more complex models, [11] gave conditions under which a single positive
equilibrium exists, without showing its stability.

As many of these distributional models are in the form of mass action kinetics,
it is appealing to use powerful results of chemical reaction network theory [10].
This theory originated in the work of F. J. M. Horn [15, 16, 17] and led to the
Deficiency Zero and One Theorems that provide conditions on the structure of the
reaction network that guarantee a unique and locally stable positive equilibrium.
The question of global stability led to the Global Attractor Conjecture that was
proved recently [4]. The chemical reaction network theory is based on constructing
an appropriate Lyapunov function as illustrated by the two examples in Section 2.
In principle, the theory applies to very complex networks and so is not limited to
the small networks considered in these examples.

Kiivan et al. [20] consider a two strategy game where individuals are either paired
or single. The time individuals want to stay in the pair depends on their strategies.
The equilibrium distribution at given strategy frequencies and population size re-
quires to solve a system of quadratic equations and the resulting solution can be
obtained using computer algebra software, but it is far too complex for further sta-
bility analysis. Instead, numerical simulations showed that distributional dynamics
were converging to a single interior equilibrium. In this article, we apply chemical
reaction network theory to show that this is really true and we also extend the
result to any number of strategies (Section 2.1).

Our second example (Section 2.2) investigates the group formation process for
multi-player games. Kfivan and Cressman [18] showed that in the public goods
game where individuals are free to leave their current group and search for a new
group hoping to receive a higher payoff, there are some counter-intuitive opt-out
rules. In particular, opting out against cooperators is as good as opting out against
defectors. The opting out rules were based on the number of defectors/cooperators
in the current group, and they were fixed at the beginning of the game. Once
again, to calculate fitnesses it was crucial to calculate the distribution of groups
with respect to the number of cooperators they contain. As it was not possible
to calculate analytically the equilibrium distribution, numerical simulations were
performed instead that suggested that there was a unique and stable equilibrium
distribution. Again, we show this result can be proven using chemical reaction
network theory.

Section 3 considers pair formation for two asymmetric games. The first example
(Section 3.1) is the Battle of the Sexes (BoS) game [9] where pair interaction times
and times to care for offspring or for courtship are strategy dependent. Cressman
and Kfivan [7] assumed that the resulting distributional equilibrium is unique and
stable and they analysed the Nash equilibria of the game as a function of inter-
action times. Again, using chemical reaction theory (CRNT) we prove that the
distributional equilibrium is stable. The BoS game is somewhat particular in that
it assumes that some interaction times are equal to zero (e.g., Philanderer males do
not interact with Coy females or Philanderer males do not spend any time caring
for offspring) which simplifies the distributional dynamics. As a second example,
we consider a generalised BoS game of [7] where we assume all pair interaction
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times as well as times to recover for disbanded individuals before pairing again can
be positive. Then we show that this additional “mixing” prevents us to apply the
Deficiency Zero Theorem for the resulting distributional dynamics.

Finally, Section 3.3 briefly considers individual movement in a patchy environ-
ment. The results here illustrate that the methods of chemical reaction network
theory apply to biological systems that are not based on pair/group formation.

2. Models for symmetric games. Here we consider two models of pairs/groups
formation in systems with different phenotypes. Both of these models assume that
pairs/groups are formed at random but the time they stay together depends on the
phenotypes involved. Differential equations describing these processes assume mass
action kinetics which is the usual assumption in models of population dynamics. In
both these cases, we prove existence and stability of a single positive equilibrium
using results of chemical reaction network theory [CRNT; 10]. This theory provides
a procedure that leads to differential equations describing an arbitrary chemical re-
action network. It also provides conditions under which these differential equations
have a single positive equilibrium which is globally asymptotically stable [10, 4]. We
also show that this theory is useful to prove stability in distribution of a population
dispersing between several patches. We start with uniqueness and stability of the
pair distribution equilibrium.

2.1. Stability of pair distribution dynamics. Suppose the population has m
possible phenotypes (also called [pure] strategies) ¢ = 1, ..., m. Individuals are either
single or in pairs. Singles meet each other at random with rate A > 0 and form
pairs. Each ij pair stays together for an expected time 7,; > 0,4,5 =1,...,m (ie.,
ij pairs disband at rate 7;;). Let n; be the number of singles with phenotype ¢ and
n;; be the number of (ordered) ij pairs. The distributional dynamics are

dn.; m m N m Nis
T 1] Ji
= —An; E n; + E L4y L
dt ! - J - Tij - Tji
Jj=1 Jj=1 Jj=1 (1)
d A
Mij _ A T
dt h 27’7/17’7/] Tij '

where n; and n;; are functions of time ¢. In particular, n;; pairs are formed at rate
%ninj since these pairs consist of two individuals.! For two phenotypes, distribu-
tional dynamics (1) were used, e.g., in [20] to model distribution of single Hawks,
single Doves and their pairs. In fact, we will analyze the following more general
distributional dynamics where singles of phenotypes ¢ and j meet at random at rate
Aij = Aji (i.e., the rate n;; pairs are formed, %nmj, depends on the phenotypic
pair)

dn; i TN e i
% i Ji
=-ni» Agnj+ > 4> —E

dt - - Tij Tji
]:1 j:l i

1

(2)
dnig _ Aij o Tij

= n;n .
dt 2 v Tij

IHere and throughout the article, distributional dynamics such as (1) ignore finite popula-
tion effects by assuming that population sizes are sufficiently large that they evolve according to
expected rates of change.
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Under the condition assumed for the remainder of this section that 5 and j¢
pairs stay together for the same expected amount of time (i.e., 7,; = 7j; for ¢,j =
1,...,m),

d(ni —mngi) _ nig —ni

dt - Tij '
Thus, all trajectories of the (m + m?)—dimensional dynamics (2) converge to the
invariant M—dimensional subspace where n;; = nj; for 4,5 = 1,...,m. The

distributional dynamics on this subspace can be rewritten as

dn. m m N

7 3

= —n; E )\,‘jﬂj + 2 E —

dt - Tij
j=1 j=1

; \ (3)
Nij _ Aij nij
— = —nn; — —.
dt 2 v Tij
We are interested in the equilibria and their stability for this system of differential
equations. The equilibria cannot be calculated analytically except in some special
cases. For instance, if all pairs stay together for the same expected amount of time

and all singles meet at the same rate, we get

Proposition 1. Let 7;; =7 >0 and A\jj = A >0 for alli,j =1...,m. Then for
each total number of individuals of phenotype i, N; = n; + 22;-”:1 n;j, system (3)
has a unique, positive equilibrium

14+ V14NN “ (1+«/1+4N)\7)27

where N = X%, N; is the population size.

Proof. When 7,; = 7 and \;; = A for all 4,5 = 1,...,m, the equilibrium for (3)
satisfies

j=1 j=1 J=1
and
m m m 2
=1 i=1 i=1
Thus

i —14++1+4MN
n; = .
2T

i=1
Substituting this expression into (5) yields

V144N -1 1++V1+4ATN
T

Thus
2N;
n; = B}
14+ +V1+4ATN
_)\Tnmj - QATNZNJ

2 (1+VITaarn)®

nij
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Notice that, under the conditions of Proposition 1, the total number of pairs at
equilibrium (4) satisfies

O\
N;
;1% (1+vI+4rrN)° (Z )

Thus, the frequency distribution of unordered pairs p;; = % at the unique
i,j=1Tij

equilibrium are given by

N2
Dii = =g
(2oizy Vi)?
2N;N;
pij =
V(T Ny

and so satisfy the Hardy-Weinberg principle

1
PiiPij = 7P (6)

The purpose of this section is to generalize the existence of this equilibrium to
arbitrary choices of positive 7;; and A;; in (3) and to examine its stability. Unfortu-
nately, an analytic expression for the equilibrium is not feasible in general. One way
to investigate its uniqueness and stability is to treat (3) as the dynamical system
corresponding to the mass action kinetics (MAK) given by the following “reactions”

Aij

nz—i—nj?nu, ,j=1,...,m (7)

ij

describing (ordered) pair formation with rate A;;/2 and pair disbanding with rate
1/Tij .

Following CRNT, there are m + m? “species” S = {n;,n;; | 1 < i,j < m} and
n= W +m? complexes C = {n; +n;|1 <i < j<m}uU{n;ll <i,j<m}?
The reaction network (7) has ¢ = w linkage classes® {n; + nj,n;;,n;;} for
1 <4< j <m(ie., disjoint subsets of C connected by reaction arrows, see Example
1) [Definition 6.1.1. in 10]. The following example illustrates how (7) generates the
distributional dynamics (2) when m = 2.

Example 1. For two-strategy games (m = 2), the reaction network is

2Note that n; + nj is the same complex as n; + n; but n;; and nj; are different complexes if
i

3If there is a chain of one or more reactions through which two complexes are connected, these
complexes are said to be linked. Being linked induces a partition on the set of complexes into
equivalence of linkage classes.
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2
2nq = n11
i1

A2z

2no n22

|
0
¥
—~
0.¢]
~—

n12
N/

O}

ny + no

L

V/\ %

‘ n2

There are 6 species S = {n1,ng,n11,N12,N21, N2}, n =7 complexes
C = {2n1,2n2,n11,M12,N21, N2, N1 + N2}

and £ = 3 linkage classes {{2n1,n11}, {2n2,n22}, {n1 + n2,n12,121}}.

Reaction network (8) defines a kinetics matriz K which has initial complezes in
columns and final complezes in rows and the entries of the matriz are the corre-
sponding reaction rates. With elements of C and S listed in the same order as abowve,
the kinetics matrix is

2n1  2n2  nitn2 ni1 n22 N1z N2
2 [0 0 0 = 0 0 0]
2ns 0 0 0 0 = 0 0
mtne | 00 0 0 0 A L
K= n, | % 0 0 0 0 0 0
no 0 22 0 0 0 0 0
niz 0 0 2 0 0 0 0
nn L O 0 22 0 0 0 0 |

Together with the stoichiometric matriz Y which has complexes in columns and
species in rows with stoichiometric coefficients as entries,

2n1  2n2  ni+tn2 N1 n22 N1z N2

n1 2 0 1 o 0 0 O

na 0 2 1 o 0 0 O

y — ™ 0 0 0 1 0 0 0
nas 0 0 0 0 1 0 0o |’

nia 0 0 0 0 0 1 0

nai 0 0 0 0o 0 O 1

CRNT defines differential equations describing the network dynamics for the evolu-
tion of species numbers. This is done through the 6—dimensional vector field

f=Y(K - DiagonalMatrix(KTl))w. (9)

Here 1 denotes the vector consisting of 1s, and DiagonalMatriz transforms a vector
into a diagonal matriz where elements of the vector form the matrix diagonal. Vector
1 has dimension equal to the number of complexes in the network. For each complex,
the corresponding entry in this vector is given as the product of species that compose
the complexr. That is, ¢ = {n%, n%, ning, N1, N2z, N12,N21}. By performing the
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matriz calculations in (9), we obtain the right-hand side of the following network
dynamics corresponding to reaction network (8) which assumes Mg = Aoy

d’l’Ll

2n11 | ni2 | not
— =—n1 (Auni + Aigne) + +
dt 11 T12 T21

dnz = —ngy (A21n1 + Agang) + 2 + i + 2122
dt Ti2  T21 T22
diy _Auni  nu
dt o 2 T11 (10)
dn22 _)\22”% n22
a2 T
dnig _Mgmang  mig
dt 2 T12
dnai _)\21n1n2 na1
a2 T

This is the distribution dynamics (2) when m = 2.

When the kinetics matrix K and stoichiometric matrix Y as well as the vector v
are extended to games with a general number m of strategies, f in (9) becomes the
(m + m?)—dimensional vector field for the distributional dynamics (2). To apply
CRNT to this MAK system, we must consider the set of reactions in (7) given by

R ={nij — (ni+ny)[1<i,j <m}

as well as the reverse of these reactions (n; + n;) — n;; (which we do not list). In
particular, the network is reversible as the arrows in (7) point both ways. The set of
reactions R can be represented as an m? x (m? 4+ m) matrix R where each column
corresponds to a species and the m? rows provide the species coefficients of the
corresponding reaction. If the species columns are arranged to have all singles first
and all the pairs n;; last, then the last m? columns of R form the identity matrix.
Thus, the rank of R is s = m?, an essential fact in the proof of Proposition 2 below.

For Example 1, the set of reactions is R = {ni1 — 2n1,n9e — 2ns,n12 — (N1 +
ng),n91 — (N1 + n2)}, where we do not list the reverse reactions for simplicity. The
corresponding reaction matrix is

ni n2 nii n22 niz n21

ni1—2ng -2 0 1 0 0 0

R— no2—2n9 0 -2 0 1 0 0
nig—n1—ny -1 -1 0 0 1 0
No1—n1—n2 -1 -1 0 0 © 1

which clearly has rank s = 4.

In what follows we denote by R>q the set of non-negative real numbers and by
R, the set of positive numbers. It is important to note that for fixed positive IV,
(i=1,...,m), the affine subspace

m
{(nl,...,nm,nlh...,nlm,...7nm1,...,nmm)|Ni :ni—i—Znij, 1= 1,...,m}
=1

is invariant for dynamics (3). The intersection of this affine subspace with Ri”"ﬁ
is called a positive stoichiometric compatibility class [Definition 3.4.6 in 10].
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Proposition 2. Let 7;; > 0 and Aj; > 0 for alli,j =1...,m. Then for each total
positive number of individuals of phenotype i = 1,...,m, N; = n; + 22;”21 n;j,
system (3) has a unique, positive equilibrium (i.e., in RT“"Z) which is globally

asymptotically stable with respect to R’Z"S'mz.

Proof. The existence and uniqueness of the positive equilibrium follows from the
Deficiency Zero Theorem [Theorem 7.1.1 in 10].* Indeed, network (7) is reversible

and its deficiency, defined as 6 =n — ¢ — s = w +m? — m(mTH) —m? is zero.”
Thus, for each total positive number of individuals of phenotype ¢ = 1,...,m,

N; =n;+2 Z;n:l nij, there exists a positive equilibrium n* = (nf,n};) € Rf+m2 of
system (3) which is unique. In fact, this equilibrium is in the positive stoichiometric
class defined by Vi, ..., N,,. The same theorem also shows that the equilibrium is
locally asymptotically stable using the Lyapunov function [10]

m m
N * Mg
VZZ("ilnm—("z‘—mOfZ nggIn =2t — (nij —ng;) | - (11)
i=1 g i,7=1 v
To see this, rewrite system (3) as
dn; o nfj g nin; X
:22— — — , i=1,...,m
dt — Tij \ My N
(12)
dnig Ty [(mang i 1<i,j<m.
dt 1 \ninj  nj
since the components of n* € R:’_H'mz satisfy 22”7 = Anjnj. It is straightforward
2
to show that V is positive at all interior positive points n = (n;, n;) € RT'””
where i,5,k = 1,...,m except at V(n*) = 0. Moreover, the derivative of V along

4Here we state for readers convenience a slightly reworded Deficiency Zero Theorem taken from
Feinberg [10].

Theorem 1. Let us consider a reaction network of deficiency zero.

. If the network is not weakly reversible, then, for an arbitrary kinetics, the differential equations for
the kinetic system cannot admit a positive equilibrium, nor can they admit a cyclic composition
trajectory containing a composition at which all species concentrations are positive.

. If the network is weakly reversible (in particular, if it is reversible) and the kinetics is mass
action, then, regardless of rate constant values, the resulting differential equations have the fol-
lowing properties: There exists within each positive stoichiometric compatibility class precisely one
equilibrium; that equilibrium is asymptotically stable; and there cannot exist a montrivial cyclic
composition trajectory along which all species concentrations are positive.

5For our purposes, these results imply that our model satisfies the conditions of The Deficiency
Zero Theorem (DZT). In particular, since our kinetics are mass action, the resulting differential
equation has precisely one equilibrium which is asymptotically stable regardless of the values of
the rate constants.
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trajectories of (3) is

dV i dnz dnzj g
- In J
@ Z

i= 'j

m

_ BRI B -

B Z T n*. n*n* 2In n* In n*.
ij=1 2 %] 1'% i 1%

m *
?, 7, K 1 7,
= . *]_ *{k hli*_'_lnii_ln *]
ig=1 T\ Ty & m; i

—

=
k)*

<

<

where the last equality follows from the symmetries n;; = nj;, nj; = nj,;, and
Tij = Tji (e, =2 (Zﬂ — :1Zi) is symmetric in ij). Thus, the derivative of V along
il \™ij in;

trajectories of (12) is

ij nmj TLZ'TLJ' nij
ZZT ( _n*n*> <1nn*n*_lnn* <0
ij ’Lj ) ) ij

i=1 j= ) ] ij

except at the equilibrium n* where dV/dt = 0. That is, V is a Lyapunov function
and so the equilibrium n* is La.s.

To prove global stability,” we need to show that each trajectory which starts
in R;”J’"Q converges to n*. If this is not the case, there is such a trajectory that
contains an w— limit point n* other than n* since each stoichiometric compatibility
class is compact. Let us first consider points n on the boundary face where n; = 0.
From (3), % d"‘ =237, 24 and N; = = 2¥7 ;n;; at any such point. Thus % >

min, ;{1 /T”}NZ on thls bbundary face, i.e., this face is repelling, which cannot
then contain n*. Moreover, for some ¢ > 0 and t sufficiently large, n;(t) > ¢
for all 4. Now consider points n on the boundary face where n;; = 0. From (3),
dgt“ = /\2” nin; > %rninij{)\ij}e2 for ¢ sufficiently large and 1 < 4,7 < m. Thus n¥
must be in the interior of the stoichiometric compatibility class corresponding to

Ny, ..., N,,. This is impossible since V is strictly decreasing at n*. O

Distributional dynamics for two phenotypes (m = 2) and a choice of model pa-
rameters are shown in Figure 1A. The beauty of Proposition 2 is that, qualitatively,
this plot is independent of the values of interaction rates, provided they are positive.
Specifically, all trajectories will converge to the same unique distribution for a given
choice of Ny and Ny along with reaction rates in (8).

2.2. Stability of group distribution dynamics for two strategy games. Now
suppose the population has 2 phenotypes, Cooperate (C) and Defect (D), and that
individuals are either single or in groups of size m.” The prototypical example of
interactions within a group is the m—player public goods game (PGG) where each
group member contributes a portion of their identical endowment to the public good
and receives an equal share of the total contribution multiplied by an enhancement

6There has been controversy (see Discussion) in the CRNT community whether the equilibrium
arising from a system satisfying the conditions of the Deficiency Zero Theorem is automatically
globally asymptotically stable (g.a.s.) as well as lL.a.s., i.e., all trajectories in its stoichiometric com-
patibility class converge to the equilibrium. To avoid this controversy, we provide an independent
proof for our MAK system.

“That is, in this section, m is the group size and not the number of phenotypes as in Section
2.1 where the group size is 2.
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factor r. In the classic set-up for the one-shot PGG, individuals are always in
groups that play the game once. Under the usual assumption that 1 < r < m, it is
best from an individual perspective to contribute nothing given the choices of the
other members of his/her group (i.e., mutual Defection is the only Nash equilibrium
(NE)) [e.g., 8, 23, 18]. PGG then models a social dilemma since it is best for the
group if everyone contributes their entire endowment (i.e., Cooperates).

In this section, groups form and disband at rates dependent on the group compo-
sition. Specifically, we assume that each individual either always plays C or always
D. Let nc and np be the number of singles playing C and D, respectively, and
n; be the number of (unordered) groups with ¢ Cooperators and m — i Defectors.
We assume that groups with ¢ Cooperators stay together for an expected time 7;
(i.e., these groups disband at rate 7;). Furthermore, when 7 Cooperators and m — i
Defectors meet at random, they form a group of size m at rate \;. The group
distributional dynamics are then

dnc " (ing \inipm—
o =2\ e
=1

S mZ (2 s = i) 03

Ti

dn; :
b om—i :
7 = \ingn'p — i=0,...,m.
K2

An important special case assumes that all singles meet at random and groups

are formed at rate \. Then \; = % (T) and the distributional dynamics are

0 S e o

T

i=1

m—1 .
dnp (m —1i)n; 3
o _ N~ Mz one m (14)
dn; AN (m\ ; i T 0

= — nen - — i=0,...,m.
d  m\i) <P T T

For instance, if m = 2 (i.e., groups consist of pairs) and unordered heterogeneous
pairs ny are replaced by ordered pairs ni3 and ne; where n1s = nsp, then these group
dynamics (14) are the same as the pair dynamics (3) with appropriate reaction rates
in the case when Section 2.1 has two strategies.

If, in addition, all groups stay together for the same expected amount of time,
we get
Proposition 3. Let 7, =7 >0 and \; = & (TL) foralli=0...,m. Then for each

m
total number of Cooperators No and of Defectors Np, system (1) has a unique
positive equilibrium n = (ng,np, N1, ..., M) that is globally asymptotically stable

with respect to R’;g'?’. The distribution of groups at this equilibrium is the binomial

distribution®
AT (m\ w
n,=—\ . |ngnp™"
m \ i

8When m = 2, this distribution satisfies the Hardy-Weinberg principle (6).



STABILITY OF DISTRIBUTIONAL DYNAMICS 11

where K,—g = K,—DD = % and g(N¢ + Np) is the unique positive solution for
no +np of the implicit equation
Ne¢ + Np =ng +np + Ar(ne +np)™. (15)
Proof. The existence, uniqueness and stability of n follows from Proposition 4 below.
From (14),
AT (m i _m—i AT (m i _m—i
since 7; =7 for alli=0...,m. Thus

Ne+Np=nc+» inj+np+ Y (m—i)n
=0 - i=0 (16)
=nc+np +mZni =nc+np+ A(nc +np)™.
i=1

Since A7 > 0, Descartes’ rule of signs implies existence of exactly one positive
solution g(N¢ + Np) for ng + np of (16) in terms of N¢ + Np.
Moreover, from (14), No = nc + Y,in; = nc + Mnc(ne + np)™™ 1 =

NexNp By the analogous result for Np, we obtain

nc nc+np

nc _np _ nct+np _ g(No+ Np) a7)
Ne¢ Np Nc+Np Ne+Np

O

Although Proposition 3 does not provide the explicit solution for the equilibrium
of (14),” the implicit solution can be used to determine game outcomes in this special
case. Indeed, if payoffs per unit time are given solely through group interactions,
then (17) implies the game’s payoff functions are the same as those of the one-shot
game (or of a game where singles from disbanded groups instantaneously form new
groups at random) up to a positive constant. Thus, for example, the NE outcome
of PGG under this special random group formation process will remain mutual
Defection when all groups disband at the same rate.

Kiivan and Cressman [18] considered a corresponding discrete-time group distri-
bution dynamics for the repeated PGG when groups form instantaneously and the
expected number of rounds a group plays depends on the number of Cooperators in
the group. They showed that the NE outcome of PGG can be mutual coexistence of
Cooperators and Defectors, especially if Defectors display intolerance of Coopera-
tors by disbanding after one round any groups they are in that contain Cooperators.
They based their results on the observation that the discrete-time dynamics has a
unique equilibrium for a given number of Cooperators and Defectors (showing this
analytically for m = 2 and numerically for larger group sizes) but did not address
the question of its stability. Here, we address these questions for system (13).

Again, we follow the chemical reaction network theory to prove stability and
uniqueness of a positive equilibrium when the number of Cooperators N¢o = n¢ +

9Explicit solutions can be obtained when group size m is small. For instance, if m = 2, the
equilibrium is given by Proposition 1 when this result is translated to the appropriate notation of
Proposition 3.
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¥ yin; and Defectors Np = np + X7 (m —i)n; is fixed. This network is described
by the following m + 1 reactions together with their rates

s
ingc + (m—i)np = n;. (18)
There are m + 3 species S = {n¢,np,ng,...,Nm} and n = 2(m + 1) complexes

C ={n;,inc + (m —i)np | 0 < i < m}. The reaction network (18) has £ =m + 1
linkage classes given by {inc + (m — i)np,n;}, 0 <i < m.
The set of reactions in (18) is described by

R={n;—(inc+(m—i)np) | 0<i<m}

as well as the reverse of these reactions which we do not list. In particular, the net-
work is reversible. The reaction network can be represented as an (m+1) x (m+3)
matrix where each row lists the species coefficients of the corresponding reaction. If
the species are arranged in order {ng,...,n, nc,np}, then the sub-matrix consist-
ing of the first m+ 1 columns of reaction matrix R forms the identity matrix. Thus,
the rank of R is s = m+1, which is the dimension of the stoichiometric subspace L =
spanR. The network deficiency is then 6 = n—f—s = 2(m+1)—(m+1)—(m+1) = 0.
Thus, the Deficiency Zero Theorem applies and so there exists a unique, stable equi-
librium {n¥,n},ng,...,nk,} for each stoichiometric compatibility class and each
choice of (positive) reaction rates in (18). Since the null space of the stoichiometric
subspace L is generated by the two vectors corresponding to ng +ni + - - + mn.,
and np +mng + - - - +n,,—1 and these expressions equal No and Np, each stoichio-
metric compatibility class is specified by a fixed choice of N, Np. The following
Proposition summarizes these facts.

Proposition 4. Let 7, > 0 and \; > 0 for all i = 0...,m. Then for each total
positive number of individuals of phenotype C, No = ngc +ny + -+ - + mn,, and of
D, Np =np +mng+ -+ nm_1, system (13) has a unique, positive equilibrium

(i.e., in RT+3) which is globally asymptotically stable with respect to R’;O%’.

Proof. Once again, the existence and uniqueness of the positive equilibrium follows
from The Deficiency Zero Theorem [Theorem 7.1.1 in 7] because network (18) is
reversible and its deficiency 6 = 0. Thus, for each total number of individuals N¢
and Np there exists a positive equilibrium n* = (n&,n},ng,...,nk,) € RT+3 of
system (13) which is unique.

For the positive constant reaction rates in (13), global asymptotic stability of the
unique equilibrium follows from Lyapunov methods. Since n} = )\iTin*Cian_i, (13)
can be rewritten in the following form

m . y —1
dng _ Z iny n; ninly !
dt T o\ n; n’gn*m7Z

i=1 i D
m—1 2\ 0y % i Mm—1i
dnp _ (m —i)n; (m _ ngnp ) (19)
. * *7,,kM—1
dt = T; n; neny,
dnig n} (nenh™t o n, P20 m
=\ omm = =0,...,m.
dt T; n*ln*Dm v ’I’L;k

For interior trajectories, we have the following Lyapunov function

V =nc¢log (Zf)(ncng)+np log <Zg) f(ann*D)+Z n; log (Zi) —(n;—ny)

C i=0 i
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since

AV &n (ng  nkanTt ninm ni

7224 ———CD ) (log—L2 — —log— |.

dt P Ti n; né?nD n*ClnD n;
Thus, dV/dt < 0 except at the equilibrium where dV/dt = 0 and so the interior
equilibrium is l.a.s.

To prove g.a.s., we show the faces nc = 0 and np = 0 are repelling if No and
Np are both positive. Let us consider points n € R;"J 3 on the boundary face where

nc = 0. From (13), dg—tc =" " and Nog =ng + - -+ + mn,, at any such point.

=1 T;

Thus dg—tc > min;{1/7;} N¢ on this boundary face, i.e., this face is repelling and
cannot contain any w—limit point of a given trajectory of (13) starting in RZq?.
Moreover, for some ¢ > 0 and ¢ sufficiently large, no(t) > e. The boundary face
where np = 0 is repelling for the same reason. The same € > 0 can be used for
np(t) > € when t is sufficiently large. Now let us consider points on the boundary

face where n; = 0. From (13),

dn; ) :

d—; = Anenp ™" > Nie™
for ¢ is large enough. Thus, the face where n; = 0 is repelling and so any w—Ilimit
points of trajectories starting in RTJ 3 must be in the interior. O

Example 2. Of particular interest is groups of size four since most game experi-
ments as well as theoretical work involving PGG either assume m = 4 [3, 21, 24]
or emphasize group size four as a special case, e.g. [18]. Species in this case
are S = {nc,np,ng,n1,n2,n3,n4}, there are n = 10 complexes C = {dnp,nc +
3np,2nc + 2np,3nc + np,4dnc, ng, N1, na, N3, ne}, and the network consists of 5
linkage classes: {dnp — ng — 4np}, {nc+3np — n1 = nc+3np}, {2nc+2np —
ny — 2nc +2np}, {3nc +np — n3 = 3nc + np}, {dnc — ny — 4ne}, i.e., the
number of connected components of the network is £ = 5. In addition, the network
is reversible. The reaction matriz (where we do not list the reverse reactions)

nc np no ni

3
0

n3 Uz

no—4np 0 —4 1 0 0 0 0
n1—(nc+3np) -1 -3 0 1 0 0 0

R = ny—(2nc+2np) -2 -2 0 0 1 0 O
n3—Bnc+np) -3 -1 0 0 0 1 0
ng—4nc —4 O O 0 0 0 1

has obuviously rank r = 5. Therefore, the network deficiency is § = n — € —r =
10-5-5=0.
The stoichiometric matrix is

inp mnc+3np 2nc+2np 3ncg+np 4nc mg Ny N n3  Ng
ne [0 1 2 3 4 0 0 0 0 0]
np 4 3 2 1 0O 0 0 0 0 O
no 0 0 0 0 0 1 0 0 0 O
Y= m 0 0 0 0 0o o 1 0 0 0|,
na 0 0 0 0 0O 0 0 1 0 O
ng 0 0 0 0 O 0 0 0 1 0
n |0 0 0 0 0O 0 0 0 0 1|
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the kinetics matrix is

inp nc+3np 2nc+2np  3nc+np  4nce ng ni no ns ng

anp [ 0O 0 0 0 0 ?10 0 0 0 0
no+3np |0 0 0 0 0 0 &£ 0 0 0
ne+2np 0 0 0 0 0 0 0 % 0 O
3nc4np 0 0 0 0 0 0 0 O % 0

K_ e 0 0 0 0 0 0 0 0 0 =+ ’
1o o 0 0 0 0 0 0 0O 0 O
n1 0 A 0 0 0O 0 0 0 0 O
na 0 0 Ao 0 0 0 0 0 0 O
ns 0 0 0 A3 0 0 0 0 0 O
na ) 0 0 0 M 0 0 0 0 0 |

and the vector 1 = {n‘}j,ncn%,n%n%,n%np,né,no,nl,ng,ng,n4}. From (9), the

MAK distributional dynamics corresponding to reaction network (18) when m = 4
18

d 2 3 4
e _Mm + 2 + ons + e Alncn?]j — 2)\271%71% — 3)\3n?énp — 4)\4n‘é~

dt m To T3 T4
dnp 4ng  3n1  2n2  ng 3 2 2 3
— = —+ —+ — 4+ — — 4o — 3\ingnp — 2 angnp — Agngn
7t P - . . 0 1ncnp 2NcNp 3htcD
dno no
=2 = \onh — =
dt 05D To
dn1 3 ni
— = Mnenp — — (20)
dt T1
dnsg n2
22— onZnd — 2
dt 2Nehp T2
dns ns
5 3=
dt sNEND T3
dn4 Ny
—= = \nk — =,
dt 4o T4

Distributional dynamics for (20) in the special case where X\; is given in terms
of binomial coefficients (i.e., \; = %(?) (c¢f. (14)) are shown in Figure 1B for a
particular choice of 7;. As in Panel A, all trajectories will converge to the same
unique distribution for a given choice of No and Np.

3. Pair formation process for asymmetric games. Section 2 applies CRNT
to the distributionl dynamics of a single population where all individuals are in-
distinguishable except for their strategy. In this section, there are two types of
individuals corresponding to an underlying evolutionary game that is asymmetric.
Here we show that CRNT again proves the existence and global stability of the
distributional equilibrium in a specific example (the Battle of the Sexes (BoS) game
of Section 3.1) but not in general (Section 3.2).

3.1. Pair formation process for battle of the sexes game. Cressman and
Kiivan [18] considered the Battle of the Sexes game where duration of interactions
between males and females depend on their strategies. They assumed that inter-
actions between Philanderer males and Coy females do not take any time, while
interactions between Coy females and Faithful males involve time for courtship 7.
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FIGURE 1. Distributional dynamics (10) of pairs (panel A) and
groups of size four (panel B) for PGG (20). Both panels as-
sume that initially there are only singles and initial conditions are
n1(0) = n2(0) = 5 (n¢(0) = np(0) = 5) in panel A (panel B).
Parameters used in Panel A: A1 = A2 = o1 = Aog = A = 0.1,
Ti1 = 5, Tio = To1 = 3, Teo = 1. Parameters used in Panel B:
Xi=2(}) with A=0.05,79=1,7 =27 =4, 73 =6, 74 = 15.

and time for rising offsprings, 7o,. Interactions between Faithful males and Fast
females take time 7o, only, as there is no courtship. Duration of interactions be-
tween Philanderer male and Fast female also take no time but the time until ready
to pair again is now sex dependent since it takes no time for the male while females
raise offsprings for time 71,.. Let n,,, be the number of single Faithful males that
are ready to pair and n,,, be the number of single Philanderer males that are ready
to pair. Similarly, let ny, be the number of single Coy females that are ready to
pair and ny, be the number of single Fast females that are ready to pair. We call
these individuals “searchers”. Also, let n,,, f,, be the number of Faithful/Coy pairs,
and Ny, f,, be the number of Faithful/Fast pairs. Finally, let n’* be the number
of females who are raising offspring on their own (note that these arise when Fast
females encounter Philanderer males).

We also denote the (fixed) population sizes of different strategy users as follows:
Np,, is the number of Faithful males, IV,,, the number of Philanderer males, Ny,
the number of Coy females and Ny, the number of Fast females. Since Philanderer
males never form pairs or help raise offspring, nm, = Np,.

The pair distribution dynamics in [7] is

dnml Ny f Ny f
— _\n e 4+ iy 1f2
o m (g Fnp) + T =
d?”Lf1 Ny f
= — Mo 4 mafi
dt B
dn n n'e’
f2 )‘(nml +nm2)nf2 + mafa + f2
dt T2 Tir (21)
dnmlfl =\ T — " fu
dt m1 Top + Te
dnm, f, N, f.
o fo o mafs
dt m 2 T2r
dn"? T2
f2 :)\annfz f2

dt B T1r ’
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The reaction network corresponding to this pair formation dynamics is

Ny + N

— N M2
My frs  Momy T Nfy 3 T mifey  Mfa S Mgy
Ty FTo Tar i

This reaction network has

e 6 species { Ny, gy s Npys My 1, Moy f20 Mpo- }
e n. =6 complexes {Np, + Nf, Nny + 1py oy frs Rams 5, T0f5 s T}
e (=3 linkage classes {nm, +1f, Nny 1 }s {1y + 10, Ny o o {0, 02 1

The reaction matrix (with reverse reactions omitted) is

m1 m2  fi fo mifi mafe 52

nml+nfl —Mmq fq ]. 0 ]. 0 —]. 0 0

R = nm1+nf2 —Nimy fo 1 0 0 1 0 -1 0
- 0 0 0 1 0 0 -1

which clearly has rank s = 3. Thus, the reaction matrix has deficiency 6 = n—s—¢ =
6 — 3 — 3 = 0 and so the Deficiency Zero Theorem applies showing there exists a
unique, l.a.s. equilibrium (nj‘nl7n;1 STy Mo £ n;"nlh,n;f;l*) for each number of
Philanderer males, Faithful males, Coy females and Fast females.

Similar to Section 2, Lyapunov methods can be used with respect to

V =Ny, In =% — (g, — 0y, )+ 0y, In fl —(np —n}) +npn ;7:2 —(ng, —n},)+
mi "y P
Nmy f1 ID% - (nmlfl - nmlfl) + N,y fy In Tl z - (nmlfQ - nm1f2)+
m1 f1 my fa

ma
f
n';? In nmi* - (n}? —np*)
2
to prove that the equilibrium is g.a.s.

The BoS game is somewhat particular as Philanderer males do not spend any
time interacting with Coy females, which simplifies the distributional dynamics. In
the next section, we consider a generalization of the BoS game that assumes all
interactions take some time and we show this precludes application of the DZT.

3.2. A generalized BoS game for which the Deficiency Zero Theorem does
not apply. In this section, we study a generalized Battle of the Sexes game, where
we assume interactions between males and females can take any positive time and
all disbanded individuals need some recovery time before making new pairs. Let
us consider m; (males) and f; (females) (i,j = 1,2) strategists. Let 7,; > 0 be
the time these two individuals stay together (i.e., the first subindex ¢ in 7;; refers

to the male strategy while the second refers to the female strategy) and r{f{; >0

(T}? > 0) be the time these males (females) need to recover before they are ready

to pair again.'?

10This model does not apply to the BoS game of Section 3.1 since many of these times are
mi

0 there. For example, 722 = 0 for the (Philanderer, Fast) pair and all Tff{i =T 0 except
. J

T2 =1
fo = 1r-
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The corresponding distributional dynamics are
dnml nd1 f2
= — My, Np, + — — ANy, g, + —2
dt mq 'Y f1 7];11 mq 'l fa Tr]:zzl
dnm2 f1 f2
2 = A, 2 — M Np, 2
dt ma 'l f1 7_7];12 ma 'l fa Tr]:fg
dny i i
dtl = )‘nmznﬁ + 7712 - )\nmlnfl + 7_7711
f1 f1
dn an nml
=h __ /\nm2nf2 + ’rfl‘fz - )‘nmlnfz + frﬁl
dt f2 Tt
dnmlfl Nmy f
— =gy, np — ——
dt ma tfa T11
d’n‘£%1 _Pmifs n£%1
dt T11 i
m m
dnfll _Pmifi nf11
dt T11 T}?l
dn n
67;;1f2 =M, 1 f, — ma fo
; ; 12 (22)
dn"%l :nm1f2 _ My,
dt T12 2
m m
dnle _Pmifs nf21
dt T12 T;Zl
dnm2f1 Ty f
=My,np — —2
dt ma2 Ty T12
dn{ﬁz :nm2f1 B nfﬁz
dt T21 7'7];12
m m
dnf12 _Pmafs nf12
dt T21 T}Zw
dnm2f2 M, f.
=My, np — —222
dt ma ' f2 T22
dn{fiz :nm2f2 _ n{VZ
dt T22 i
m m
dnf22 :nm2f2 o nf22
dt 722 T}ZQ

These 16 equations describing distributional dynamics are in the form of mass-action

kinetics.

The reaction network corresponding to this pair formation dynamics is

Ny + N =Ny fr
Nyny T Ny =My o
Nny T 1 =My fy

Nny T N fy =My s

Ny f1 —
Ny fo —
Ny f1 —

Ny fa =

nf,;l +npt, nf,;l Ny, NP N
n,fj,fl + n}';l; n-fjl Ty s n}';l —  ny,
nﬁ% + n}'f, nfﬁQ My s n}rf - ny
nf,fQ + n}’f, nf,fQ Ny, n}’f - ny,.
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We observe that this network is not reversible, nor weakly reversible!! (for example,
there is no chain of reactions in the reaction network that starts with the complex
Nm, + Ny, and leads to the same complex) and, consequently, the ZDT does not
apply.

On the other hand, the method of [11] can be generalized to show that there is a
unique distributional equilibrium that numerical simulations suggest is g.a.s. under
the distributional dynamics [7]. As far as we are aware, an analytic proof of this
result is not known.

3.3. Stability of a population distribution in a patchy environment. CRNT
can also be applied to biological systems that do not involve pair or group inter-
actions. Here, we consider a population in a patchy environment consisting of m
patches. We assume that the expected time 7; an individual stays in patch i (i.e.,
the residence (or retention) time of patch ) is patch dependent. Individuals leaving
a patch become searchers who move to another patch at random in such a way that
their encounter rate with patch 7 is A;. For example, they may encounter patch 4
at a rate that is proportional to its area A;, in which case \; = A; /(41 + -+ Ap)
up to a positive constant.

Let ns denote the- number of individuals who are currently searching and n;
those in patch i. Then the distributional dynamics are

W= = O e A + e
1

n, " (23)
ny =\ing — —, i=1,...,m,
Ti
which corresponds to the reaction network
Ai .

Ng ﬁf\ni, 1=1,...,m. (24)
There are m + 1 species as well as complexes, i.e., S = C = {ns,n1,...,Wm},
only one linkage class consisting of all complexes, and m independent reactions R =
{n1—ngs,...,nm —ns} (we do not list the reverse reactions). Thus n =m+ 1,{ =

1,7 = m, and so the deficiency of the network is 6 = n — £ — r = 0. Furthermore,
the network is reversible. Thus, for each positive stoichiometric compatibility class,
which is given by the fixed positive number of individuals N = ns+ny + -+ + nm,
there exists a unique positive equilibrium n* = (n¥,n},...,n* ). CRNT applied to
reaction network (24) yields the following result.

Proposition 5. Let 7, > 0 and \; > 0 for alli=1...,m. Then, for each positive
total population size N, system (23) has a unique, positive equilibrium n* in RT“
which is globally asymptotically stable with respect to R;”(;H.

Proof. From (23), the components of n* satisfy A\;n} = Z— and so

. N

— - A 25
ns 1 + 2111 /\iTi’ nz ZTlns ( )

HWeak reversibility requires that if one complex is connected to another complex through a
chain of reactions, than the final complex is also connected to the original complex [10].
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Global asymptotic stability of n* follows from Lyapunov methods. First, (23) can
be rewritten in the following form

dng Em: n; (n; N
dt 4~ 1, \n‘ n:
=1 (26)
dn; ni (ng ny .
= —=—-—], i=1,...,m.
dt T \nE ong

Then the following is a Lyapunov function

Ng * . n; *
V:(nslnn*—(ns—ns)) +i_zl(nilnnf_(ni_ni))'

S

Indeed, the derivative of V' along trajectories of (12) is

dl_iﬁ noms (s ™Y
dt o\n; ni ni ny

i=1 7 S K]
except at the equilibrium where dV/dt = 0. O
For example, when \; = A4;/(A; + -+ + A,;,) and all residence times are equal
(ie., m =7,i=1,...,m), the equilibrium distribution is

s T 1y M T A+ A 1+
In particular, the equilibrium distribution satisfies
n Az

2

n’{+~-~+n;§1 :A1_|_..,_|_Ama

which corresponds to balanced dispersal [14] where the distribution of animals cor-
responds to the distribution of patch areas. The same distribution is obtained when
residence times are proportional to the patch area, i.e., 7; ~ A; and all \;s are the
same. This also corresponds to balanced dispersal [14].

Proposition 5 can also be proved by analyzing (23) as the following linear system
of differential equations.

n; _()\1+"'+)\m) % % % g

n} A1 —% 0o ... 0 ny

= . . . . (27)
n. Am 0 .0 -4 T,

Tm

Indeed, fix N > 0 and let n* be given by (25). Then Ln* = 0 and so L has eigenvalue
0 with (right) eigenvector n*. Since the hyperplane H = {n|n, + 3" n; = N} is
invariant under (23), L is invariant on the m—dimensional subspace X = {z =
(Ts, 1y 0oy Tin) € R zg + X7 2; = 0}. Moreover, L is nonsingular with respect
to this subspace since n* is the unique equilibrium of (23) in H. Thus, all eigenvalues
of L with respect to X are non-zero. On the other hand, by Gershgorin’s Theorem
[25] applied to the columns of L, all eigenvalues of L are either 0 or have negative
real part. Thus, all eigenvalues of L restricted to X have negative real part. That is,
the origin is g.a.s. under (23) restricted to X and n* is g.a.s. under (23) restricted
to H.
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4. Discussion. In this article, we applied results of chemical reaction network
theory to show uniqueness and stability of positive equilibrium for pairs/groups
distributional dynamics that arise in game theoretic models.

Evolutionary game theory assumes that individuals accrue their fitness through
interactions with other individuals. When there are two or more different phe-
notypes (strategies) in the population, this theory assumes that pairs or groups
are formed instantaneously and randomly so that the corresponding pairs (groups)
distribution is described by the Hardy—Weinberg (binomial) distribution. If indi-
vidual fitness is defined as payoff per unit time at this distributional equilibrium
(e.g., payoffs may arise solely from pair interactions), we then have an evolutionary
(population) game [19, 6, 1, 2].

In some recent models, it has been argued that interactions times may be pheno-
type dependent [19, 20, 6, 1, 18] and that, in these situations, the Hardy-Weinberg
distribution does not apply. In fact, except in the simplest cases, it becomes impos-
sible to calculate the pairs/groups distribution analytically which raises a question
about uniqueness of the equilibrium and its stability. It has been shown that, for
some particular models, the equilibrium exists and is unique [12, 11]. In this article,
we show that CRNT is a general tool that is very useful to prove not only exis-
tence of the equilibrium, but also its stability through the Deficiency Zero Theorem
(DZT). On the other hand, we also show using the generalized Battle of the Sexes
game that DZT does not always apply to pair formation models.

As mentioned in Section 2.1, there has been controversy in the CRNT commu-
nity whether the equilibrium arising from a system satisfying the conditions of the
Deficiency Zero Theorem is automatically globally asymptotically stable. Horn and
Jackson [17] stated that the interior positive equilibrium is not only locally asymp-
totically stable, but also a global attractor. Horn [16] clarified that the global
stability was not proved and posed this global convergence property as a conjecture
which was later called the Global Attractor Conjecture [5]. The conjecture was
proved in [4].
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