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1. MATRICES

Summary: Matrix of type m X n is a rectangular schema A with m rows and n columns
ayp - Qin
Qm1 *°° Qmn

where m is the number of rows and n is the number of columuns.

Example 1. Find a matriz

(1) of type 4 x 6 such that a;; =i+ j

(2) of type 3 x 3 such that a;; = (—1)"

(3) of type 2 x 4 such that a;; = (—1)"

(4) of type 4 x 3 such that a;; =1i-j — (i + j)
Summary: Simple matrix operations:

e Addition - for matrices of the same type, e.g.
1 2 2 3 3 5
(3 4)+<4 5)‘(7 9>‘
e Scalar multiplication - for arbitrary matrix, e.g.
3. 1 23y (3 6 9
4 5 6) \12 15 18/)"

e Transposition - for arbitrary matrix, e.g.
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Example 2. Consider matrices

—
(e

1 0
1 -1 1 0 3 7
D:(2 1), E=(1 0 -2), F:(O _7>7 G=|,
-1 -1

Compute 2D — 5F, A+ 3C, CT, AT, 20 + 4ET, BT —2G, DT + FT, 2A+ 3G, ....

Summary: Two matrices are equal if and only if they are of the same type, and the corresponding
elements are identical.

Example 3. For which parameters o, 3,7, are the matrices A, B equal:

20+3 4 6 8 10 +1 28+3 6 8
(1) A= 8 12 6 4)° B_< 8 6v+2 36 4)
Ta+3 5 2 Ta+3 da 2
(2) A=13—-1 3 1), B=|58+1 3a —p
v 2 3 v 2 3
29 -1 —a -8 2 -1 2a+8 B—~
(3) A= 1 2 v o], B= 1 2 3y—2
v+l B -1 2 1-8 —y -1 P

Summatry: Matrix is symmetric if and only if A = A”. Matrix is antisymmetric if and only if
A=-AT,

Example 4. Is any of matrices of example (2) symmetric or antisymmetric? Give a nontrivial
example of symmetric and antisymmetric matriz of type 3 X 3.

Example 5. Solve the matriz equation 3A +2X = C — 2B, where X is unknown matriz and
1 2 3 31 1 5 10 21
A:(—z 1 3)’B:<2 6 —3)’02(4 15 15)'

Example 6. Solve the matriz equation X + XT —3A = A+ AT, where X is unknown matriz

and
1 2
- (42
Summary: Consider matrix A = (a;;) of type m x n and B = (b;;) of type n x p. Then there
is a product C' = A - B and it holds that

e matrix C' is of type m X p,

n
e clements of the matrix C' = (¢;;) are of the form ¢;; = Z @itbyj-
k=1

Thus we compute scalar (dot) product of ith row of matrix A and jth column of matrix B and
we write the result into the matrix C' on the position (7, j). E.g. for matrices

1 2
A=13 4 ,B:(S 180)
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1 2 73 1-7+2-9 1-842-10
AB = |3 4 .<9 10): 3-7+4-9 3-8+4-10| =
5 6 5:-7+6-9 5-8+6-10

73 1 2
BA = -3 4] =not defined
9 10 5 6

Example 7. Consider matrices

7T+18 8+20
21 +36 24 +40
35+54 40+ 60

11
1 5 2

D=|(-10 1|, E=(1 0 -2), F=|2
3 2 4

Compute BC', CB, AC, CA, AB, BA, DA, EF, FFE, ...

Example 8. Compute expression (A + B)?* — 3E for matrices

-1 2 0 31
A=|(2 3 -1], B=|0 -2
-5 2 3 4 -2

Example 9. Compute expressionA(2E — A)? for matriz

2 -1 3
A= 0 1 2
-2 4 5

Example 10. Solve matriz equations
(1) 2XT+ A= BC,
(2) C— X = AB,
(3) X=AB—- BA

for

-3

1

—2

(3 e () e (3 )

Example 11. Solve matriz equation X + AAT — B = —XT — ATA + 3B for

() ()

Example 12. Solve matriz equation AX = XA for

-2 1
= (21).
Example 13. Solve matriz equation 3X — E = AB for

1 0 -1 2 0
A=|1 -1 —-1|, B=[0 —4
2 0 -2 3 1
3

-1
1
-1

25 28
57 64
89 100



2. VECTORS

Drobné opakovéani: Vectors are elements of R", i.e. n-tuples of numbers. We define operations
of addition and scalar multiplication coordinate-wise.

Example 14. Consider vectors

1 4 -3
u=|-2], v=|1], w=|[5]€eR?
3 0 1

Find vector x such that
(1) 2 =2u+v — 3w,
(2) x —2u=3x+2(u—v—2w).

Example 15. For which values of parameters m and n are the vectors a,b equal, where

. 2m . 2 )
a_<3)’b_<m—|—n)€R'

Summary: Consider vectors vy, ..., v, and scalars aq,...,a,. Vector
U = a1v1 + GV + - - - + Qg

is a linear combination of vectors v; with coeflicients q;.

—1 4
Example 16. Write the vector x as a linear combination of vectorsu = | 0 |, v = |3],
2 0
where
(1)
10
xr=19],
4
(2)
0
r=13
1
Summary: Vectors vy, ...,v; are linearly independent if
a1V1 +agvy + - Fapvy =0=a; =ay =--- = a; = 0.

Thus the only way how to write zero vector as a linear combination of vectors v; is to take zero
vector. They are linearly dependent in the opposite situation

day,...,ax a0+ -+ agvpy =0 AJdia; #0.
Thus there is a way how to write zero vector as non-zero linear combination of vectors v;.

Example 17. Are the following vectors dependent or independent?

(1) (%) (2) (%)

() | (6)
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! (o)

Example 18. Compute from the definition if the vectors from R™ are dependent or independent.

0 (). ()

(2)

3 0 0
—1|,(2],(0] eR?
5 3 2

(3)
1 2 0
1 0 1 A
1] o] €F
—1 0 3

(4)
1 1 0
1), 12].,11]| er?
1 3 2

3. ROW ECHELON FORM OF MATRICES AND THEIR RANK

Summary: The matrix is in a row echelon form if all nonzero rows are above rows of all zeroes
and the leading coefficient of a non—zero row is always strictly to the right of the leading
coefficient of the row above it. E.g. matrices

0 0 1 1 2 3
00 2], 0 4 5
3 45 0 7 8
are not in row echelon form while
1 3 4
0 0 3
0 00

is in the row echelon form. How to find row echelon form? Elementary row transformations:

e switching of two rows,
e multiplication of a given row by a non—zero number,

e adding a row to another row.
5



E.g. for the matrix

1 -1 2
A=13 2 1
4 1 1
we get
1 -1 2 1 -1 2 1 -1 2
A=(3 2 1| ~||0 5 —-5]~10 5 =5
4 1 1 0 5 =7 0 0 =2
Example 19. Find row echelon form of matrices.
1 2 3 4 210 -1
1 8 3
-1 0 2 =2 1 31 0
B_:§131_21’C_0252 P=1s531 2
-1 2 7 1 1 21 2

Summary: A rank of the matrix is the (maximal) number of linearly independent rows. How
to find the rank?

e Find the row echelon form.
e The rank of the matrix in the row echelon form equals to the number of its nonzero
rOWS.

Example 20. Find the row echelon form of matrices and their rank.

1 -1 1 -1 2 1 3 5 -1
0 0 1 —13 2 -1 -3 4 2 15 -2
A= , B= , C=14 -2 5 1 7
1 1 2 1 1 5 1 -1 7 5 11 8 2
0 -2 0 -3 4 7T 7 9 1
Example 21. Find the rank of matrices.
LLoLn ) 15
a-lo1111lB= 4 —12 20 c— 3 -1 2 0
11101 3 -9 15|’ 1 3 5 =2
11110 2 —6 10 4 -3 1 1
1 -1 2 11 1
3 —4 4 2 0 4
D= 8§ 2 1  B= 3 2 4
3 5 2 05 =5

Example 22. Find the rank of matriz depending on parameter x.

21 1 1
1 3 —2 18
A=1, 92 1 5
31 2 -2

Summary: How to decide about the linear (in)dependence of a system of vectors in R™:

e Each system of n + 1 (or more) vectors is linearly dependent.
e If we get a system of n (or less) vectors, then construct a matrix consisting of these
vectors.
6



— If the rank equals to the number of vectors, then the system is independent.
— If the rank is strictly smaller, then the system is dependent.

Example 23. Compute if the vectors are dependent or independent.

1 -2 -1
(1) 2 |, 3], 2)eRr?
-2 1 2
1 2 1
2 1 0 3
@ 515 11]€R
0 2
—4 2 1
1 1 -3 1 4
O] |]e®
2 -3 —1 1
Example 24. Compute if the columns of matrices are dependent or independent.
1 _9 _1 1 1 -1 0o 2 1 -1 10
-1 1 0 0 21
2 =3 21, 3 1 2], ,
9 1 9 _9 9 _g 2 -1 1 0 11
3 -2 1 0 1 1

4. SYSTEMS OF LINEAR EQUATIONS

Summary: The system Ax = b has a solution if and only if r(A) = r(A|b). Steps in the row

echelon form suggest where to put parameters. E.g.

for the system

Ir, — 2.732 +x3 = 2
Tr1 — 9 — X3 = 1
3I1 —51‘2"—1’3 = 5
we get
1 -2 112 1 =2 1] 2 1 =2 112
1 -1 -1j1}]~10 1 =-2|-1|~1(0 1 =2|-1
3 =5 1|5 0o 1 -2|-1 0 0 010
l’gzt, 1’2:275—]., $1:2—t+4t—2:3t
0 3
x € —1|+t|2]:teR
0 1
Example 25. Solve the system using Gaussian elimination method. Write results into vector
form.
(1)
2.%'1 — 31’2 + 2%3 = 1
Xr1 — 2[L‘2 + r3 = O
5.131 - 9332 + 5373 = 1
(2)
0.4x; — 7.6 = 3.2
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1 — 209+ 313 — 42y = 4

To — T3+ X4 = -3
2]31 + 61’2 — 6:['4 = 2
—7372 + 3.%'3 +x4 = -3

6.131 — 91’2 + 71’3 + 101’4 =3
201 — 319 — 3x3 — 4wy = 1
21’1 - 3?[72 + 131’3 + 181‘4 = 1

3r1 + 3xy — 4xs +4xs =
201 + 19 — 203+ 14 =
T — Xy — 24 =

6x1 + 629 — 8x3 + 8xy =

o O O O

3r1 +2x5 =

Ty +x5 =
Try +4x9 =
ox1 + 3x5 =

—_ = = =

Example 26. Solve the system using Gaussian elimination method depending on a.

(1)

ary + o + 3 = 1
T +aryg+zy = 1
1+ 29+ axs = 1

I1—4CL’2+31’3 = 2
ary + 29 — 923 = —17

$1—2!L'2—|—[L'3 =0

5. DETERMINANTS

Example 27. Find determinants using rule of Saarus.
3 -2 5 11 2

’2 i, 1 4 1], (3 2 1/|.
2 =3 4 21 —1
. 1 -2
Example 28. Solve the equation 9 »_1 = 0.

Summary: Finding determinant using elementary row transformations:
8



e Find row echelon form,
e then determinant equals to the product of all elements on the main diagonal.

Elementary row transformations change determinants.

e zero row = det =0
e switching of arbitrary two rows = sign change
e scalar multiplication of a row = scalar multiplication of the determinant
e adding of a linear combination of row to another row = nothing
E.g.
2 -3 1 0 1 0 0 1 1 0 0 1
1 0 01__1.2—310__1‘0—31—2_
0 2 3 1] 0 2 3 1| 0 2 3 1]
1 0 -1 1 1 0 -1 1 0O 0 -1 0
1 0 0 1 1 0 0 1
S Lloo—6 2 =4l 1106 2 —4
3 [0 6 9 3 0o o0 11 -1
0O 0 -1 0 0 0 -1 0
1 0 0 1 1 0 0 1
11 0 -6 2 -4 1 1 0 -6 2 -4
_1._.5.(_1).0 0 -1 0 1.5.5.(_1) 00 -1 o0l
0O 0 11 -1 0 0 0 -1
1
(=6 () (1) = 1
Summary: Finding determinant using rule of Laplace:
Al = Z airDjy, . . . expansion for ith row,
k=1
Al = Z ayjDy; . . . expansion for jth column,
k=1

where D;; = (—1)"7 - ‘matrix of order n — 1 that we get by removing ith row and jtj column]|.
E.g.

612 3 L 23 30 2 30 2
50 3 4/ =1 D0 3 4] 4+0-(=1)* 0 3 4]/ +3-(—=1)*|1 2 3
0111 111 111 111
30 2
+0 (_1)4+11 2 31 =1 ( 1>1+1 3 4 —|—O'(_1)2+1 2 3 +1‘(_1)3+1. 2 3
03 4 11 11 3 4
2 3 13 1 2
+3.3.(_1)1+1.'1 1‘+3.0.(_1)1+2,‘1 1'+3'2_(_1)1+3“1 1‘

—3-4+8-90+9-(2—-3)+6-(1—2)=—17
9



This method is useful for matrices with many zeros. The best possibility is combining of both
methods. E.g.

11 1 1 1 11 1 1 1
2 1 =2 3 -1 1 0 -3 2 =2 ?1)_335_02
41491:30380:1-(—1)”2-7 9 96 —o| =
8 1 —8 27 —1 70 -9 26 —2 151580_0
16 1 16 81 1 15 0 15 8 0
;332_02 3 3 8 3 3 8
—1- =—1-(=2)- (=) |6 —6 24[=-2-6-5-{1 -1 4|=
6 —6 24 -0 15 15 80 3 3 16
15 15 80 0
1 -1 4 1 -1 4 1 -1 4
60-13 3 8|=60-10 6 —4/=60-10 6 —4/=60-1-6-8=360-8= 2880
3 3 16 0 6 4 0 0 8
Example 29. Fond determinants.
1 2 3 4 00 2 4 11 1 1 3100
5 6 7 8 0021 1 2 3 4 1310
9 10 11 120> [0 1 1 3/ |1 3 6 10/ |0 1 3 1
13 14 15 16 1001 1 4 10 20 0013
0111 1 2 3 4 11 1 3 2 15
1011 -1 0 2 3 1 2 3 4 2 7 5 6
1101 |-1 1 =34 |13 6 100 |6 4 10
1110 -1 -1 0 2 1 4 10 20 4 -3 1 1
1 1 -1 1 1 1 2 0 2 -1
-1 1 1 1 -1 0 1 3 -1 0 _11_111}
1 -1 1 1 1]/, 1 2 0 2 1], L1 1 1l
1 -1 1 1 -1 0 -1 3 1 0 L1 1
-1 1 1 -1 1 -1 2 0 2 1
102030 T 6 9 4 —4
514 2 7 3
1 0 -2 6 6
1 04090
<153 7g¢° |7 8 9 -1 6.
1 -1 =2 4 5
9 15 4 3 8 o0 -9 9 —9
107090

6. INVERSE MATRICES

Summary: Inverse matrix to the matrix A is a matrix A~! such that A- A= = A~1. A = F.
Inverse matrix to the matrix A exists if A is

e square,
e regular, i.e. full rank.

Then A~! is given uniquely. How to find inverse matrix?

e Write the scheme (A|E),
e use row transformations to transform A to identity matrix and do the same with F,
o get (E|ATY).

10



E.g. for matrix

1 -1 1
A=12 2 0
0 3 -1
we get
1 -1 1100 1 -1 1|1 00 1 -1 111 00
2 2 0/010)~]0 4 —=2/=210])~0 1 —4—-2 1 0]~
0 3 —1/0 0 1 0 3 -1/ 0 01 0 3 =10 01
1 -1 1|1 0 0 1 =1 11 0 0 1 -1 11 0 0
0 1 —3/—-3 1 Of~[0 1 01 =3 1}]~[0 1 01 =3 1]~
I S 1ls 3 3
0o 0 i3 31 0 0 33 —21 0 0 1|3 =3 2
1 -1 0/-2 2 =2 100 -1 1 -1
0101—§1~010—1—§1
0 0 1|3 —5 2 001 3 -3 2
and thus
-1 1 -1
A—1:—1—§1
3 -3 2
Example 30. Find tnverse matrices.
1 1 1 11_11_11 1 01
B=|2 3 3 C = , D=12 10
1 -3 —2) L 1 11
1 -1 -1 1

Example 31. Solve the matriz equation AX = B for

2 —4 6 0
A_<2 —7)’ B—(18 —6)'

Example 32. Solve the matriz equation AX +2X = X + B for

0 1 -1 0o 2 =2
A=|-2 2 -2, B=|-5 1 1
-2 0 0 -2 =2 4
Example 33. Solve the matriz equation AX — X = A2+ E pro
2 -1 1
A=11 0 0
0o 1 3

Example 34. Solve the matriz equation AXB = C for

3 =2 31 -7 1
=53 m-Ga) o= (T 0)
7. EIGENVALUES AND EIGENVECTIRS OF MATRICES
Summary: For a square matrix A, the eigenvector for an eigenvalue A is such a non-zero vector

v for which Av = A\ - v. How to find them?

e Iind A such that the matrix |A — A - F| is singular,

e solve the linear systems (A — A - E)v = o for corresponding eigenvalues .
11



E.g. for the matrix

we get

-2 1
1 —=A

)\1:—1 (i 1)"\-’((1) é), 1 = —T9, U:<_11):>V_1:{t(_11)t€R}
et (1) (D) e e (Yo u= i) een)

Example 35. Find eigenvalues and corresponding eigenvectors of the following matrices. (In
the case you use the right method for computation of the determinant in question, you shall be
able to find all eigenvalues using secondary school methods.)

‘ =X —1=(A-1)(A+1)=0= eigenvalues are 1, -1

2 0 2 30 0 2 —1 1 101
o -3 0], (o3 o, [-1 2 -1], [t 2 1],
2 0 2 4 7 -5 0 0 1 00 3
1 -1 1 4 2 -5
(;g>,11—1,64—9
2 —1 0 53 —7
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